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SpeciÞcation search

Having a libraryL of Þrst order formulas and proofs:

∀x x + 0 = x ∀x∀y x + y = y + x

∀x∃y u(x) ≥ v (y ) . . .

We search a commutative function in the library. Using mutable
symbol⊗, we build:

∀x∀y x ⊗ y = y ⊗ x

This formula ÒmatchÓ with second formula ofL.



Proof reuse

Having libraryL:

A : ∀x x + 0 = x B : ∀x∀y x + y = y + x

C : ∀x x ◦ 1 = x D : ∀x∀y x ◦ y = y ◦ x

T : ∀x 0 + x = x

and proof of sequentA,B & T .
We want to proveT ′ : ∀x 1 ◦ x = x under conditions ofL.

! + , 0 : mutable symbols.◦, 1, = : constant symbols.
! T ÒmatchÓ withT ′ : + ! ◦, 0 ! 1
! A ÒmatchÓ withC : + ! ◦, 0 ! 1. No contradiction.
! B ÒmatchÓ withD: + ! ◦. No contradiction.
! Proof of T ′ obtained by replacing + and 0 by◦ and 1 in proof

of T .



Introduction

Terms and Þrst order substitutions

Quantitative proof

Extended substitution

Proof by renaming

Scenario

Conclusion and further work



Conventions

! X : inÞnite set of variables symbols
! For any Þnite setE ⊂ X , one can buildx ∈ X \ E

! F : set of functions symbols
! R : set of predicates symbols
! arity function
! (X ,F)-terms
! (X ,F ,R)-formulas
! (X ,F ,R)-propositions : (X ,F ,R)-formulas without

quantiÞer.
! Syntactic equality :∀x P(x) )= ∀y P(y )



Substitutions

! First order substitution: function fromX to terms.
! PostÞx denotation :σ(x) = xσ and σ ◦ ϕ = ϕσ

! Domain ofσ : Þnite set.

Dom (σ) = {x ∈ X | xσ )= x}

! Image ofσ :
Im (σ) =

⋃

x∈Dom(σ)

VX (xσ)

! Atomic substitution : [x ! t]
! First order substitutionσ is then extended to terms and

propositions with standard induction rules.



UniÞers

! Idempotent function :σσ = σ

! UniÞer of (terms or propositions)t1 and t2 : Þrst order
substitution σ such that t1σ = t2σ.

! Substitution σ is more general thanϕ i! there exists δ such
that ϕ = σδ.

! Most General Unifier (MGU) : most generaland idempotent.
! Decidable (HerbrandÕs uniÞcation algorithm)



Prenex formulas

! Prenex formulas are denoted :QA A. A : proposition,QA :
list of quantiÞed variables.

! In QA A, bound variablex is left on y i! quantiÞer of x is
more external.

! U (QA A) : universal variables.
! E (QA A) : existential variables.
! QA A & QB B is a separated sequent i! hypothesis and

conclusion are prenex closed formulas, and variables of
hypothesis do not meet those of the conclusion.
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DeÞnition

A quantitative proof (Q-proof) of a separated sequent is a valid
sequence of quantiÞer elimination inference rules terminated by an
axiom.



OMGU (1)

! Separated SequentQA A & QB B admits anOriented Unifier
i! propositions A and B have a uniÞer which is constant over
universal variables ofQB B and existential variables ofQA A.

! An Oriented Most General Unifier (OMGU) : oriented uniÞer
more general than every other oriented uniÞerand idempotent.

! OMGU ofQA A & QB B is MGU ofA and B.
! Existence of OMGU is decidable.



OMGU (2)

Pointwise continuity& uniform continuity.

∀ε∀x ∃α ∀y |y − x | < α ⇒ |f (y ) − f (x)| < ε
&

∀ε′ ∃α′ ∀x ′ ∀y ′ |y ′ − x ′| < α′ ⇒ |f (y ′) − f (x ′)| < ε′

OMGU : σ = [ x ! x ′] [y ! y ′] [ε ! ε′] [α′ ! α].
σ indicates if there is a Q-proof or not.



Dependencies Theorem

Theorem
A separated sequent QA A & QB B admits a Q-proof if and only if
there exists an OMGU σ such that for any

! e ∈ E (QA A), u ∈ U (QA A) left of e

! u′ ∈ U (QB B), e ′ ∈ E (QB B) left of u′

we have:

1. e does not appear in uσ,

2. u′ does not appear in e ′σ,

3. e does not appear in e ′σ or u′ does not appear in uσ.



Corollaries

! A prover of QA A & QB B is an OMGU verifying 1, 2 and 3
(dependencies properties).

! If QA A & QB B has an oriented uniÞer verifying 1,2 and 3,
then every OMGU is a prover.

! If QA A has only one kind of variables (either universal or
existential) andQB B too, then any OMGU is a prover.

! If QA A & QB B, QB B & QC C andQA A & QC C are
separated, and ifQA A & QB B andQB B & QC C have a
Q-proof, thenQA A & QC C too (transitivity of Q-proof).



No Q-proof (1)

Pointwise continuity does not imply uniform continuity.

∀ε∀x ∃α ∀y |y − x | < α ⇒ |f (y ) − f (x)| < ε
&

∀ε′ ∃α′ ∀x ′ ∀y ′ |y ′ − x ′| < α′ ⇒ |f (y ′) − f (x ′)| < ε′

OMGU : σ = [ x ! x ′] [y ! y ′] [ε ! ε′] [α′ ! α].

x : ∀ x ′ : ∀
α : ∃ α′ : ∃

α appears inα′σ = α x ′ appears inxσ = x ′

x left of α α′ left of x ′

Condition 3 not veriÞed. No prover. No Q-proof.



No Q-proof (2)

!

∀x ∃y P(x , y ) & ∀x ′ ∃y ′ P(f (x ′, y ′), y ′)

has OMGUσ: [
x ! f (x ′, y )

] [
y ′ ! y

]

But y appears inxσ = f (x ′, y ) and x left of y . Condition 1
not veriÞed. No prover. No Q-proof.

!

∃y P(y ) & ∀x P(x)

has no OMGU. No Q-proof.



Q-proofs

! UniÞcation.

∀x P(x , x) & ∀y ∀z P(f (y , z), f (y , z))

has a prover [x ! f (y , z)].
! Uniform continuity implies pointwise continuity.

∀ε∃α ∀x ∀y |y − x | < α ⇒ |f (y ) − f (x)| < ε
&

∀ε′ ∀x ′ ∃α′ ∀y ′ |y ′ − x ′| < α′ ⇒ |f (y ′) − f (x ′)| < ε′

has a proverσ = [ x ! x ′] [y ! y ′] [ε ! ε′] [α′ ! α].
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Extending substitutions to functions and relations

Goal : SpeciÞcation search (cf 4).

! Function symbols :F = FV ∪ FC. MutableFV .
! Relation symbols:R = RV ∪RC. MutableRV .

An extended substitution is a functionσ onX ∪F ∪R such that :

1. σÕs restriction toX : Þrst order substitution

2. σ preserve arities

3. σ is stable onF andR
4. σ is constant onFC andRC

5. σ has Þnite domain :Dom (σ) = {e ∈ X ∪ F ∪R | eσ )= e}.



Extending substitutions to functions and relations (2)

! First Order Restriction to X is denoted [σX ]
! Second Order Restriction to F ∪R is denoted [σF∪R].
! σ = [ σF∪R] [σX ] (non commutative).
! σ is then extended to terms and propositions with standard

induction rules.



Extending uniÞers (1)

! σ is anextended unifier of A and B i! Aσ = Bσ.
! Extended Most General Unifier (EMGU) : most general

extended uniÞerand idempotent.
! Existence of EMGU is decidable.



Extending uniÞers (2)

Oriented uniÞers :
! Extended Oriented Unifier of sequentQA A & QB B :

extended uniÞer of propositionsA and B which is oriented.
! Extended Oriented Most General Unifier of QA A & QB B

(EOMGU) : most general and idempotent.
! Existence of EOMGU : decidable.
! EOMGU ofQA A & QB B is EMGU ofA and B.
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Proof transformations by substitution

Theorem
If sequent S has a proof and σ is an extended substitution then
S [σF∪R] of S also has a proof.

S [σF∪R] is a (functional and relational)renaming of S.



Proof transformations by substitution (2)

[σF∪R] transform proof ofB,C & T into proof of
B [σF∪R] ,C [σF∪R] & T [σF∪R]

T

B

C

T2

B2

C2

!!

!!

[σF!R ]

""
[σF!R ]

##[σF!R ]

##



Preprover (1)

Theorem
Let QA A & QB B be a separated sequent. If there exists an
EOMGU σ verifying conditions 1, 2, 3 of the dependencies
properties, then QA A [σF∪R] & QB B [σF∪R] has prover [σX ]

! QA A & QB B may have no proof.
! An EOMGU which veriÞes conditions of dependencies

properties is apreprover of S.
! If there exists a preprover, any EOMGU is a preprover.
! Existence of preprovers is decidable.



Preprover (2)

! T & F has no proof but a preproverσ.
! T [σF∪R] & F [σF∪R] has Q-proof.

T F

T1 F1

σ

$$

[σX ] %%

[σF!R ]

&&
[σF!R ]

''



Exhaustivity of transformations

Theorem
For a separated sequent S:

! There exists an extended substitution σ such that S [σF∪R]
has a Q-proof.

is equivalent to:

! Sequent S has a preprover.
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Practical proof reuse (theorems)

Given :
! A set of axioms. Relational and functional symbol are in
RC ∪ FC (not mutable).

! A set of theorems with their dependencies. Mutable and not
mutable symbols.

Goal :
! prove a property or a renaming of it assuming axioms.



Initial scenario

2 theoremT ,T ′, 3 axiomsA1,A2,A3, 1 propertyF .

T F

B

C A1

T ′ A2

D A3

E

!!

!!



Extended oriented matchingT andT ′ with F

Preproversσ and σ′. No match with axioms.

T F

B

C A1

T ′ A2

D A3

E

!!

!!

σ

((

x

))

x

**

x

++

σ"

,,



T F

B

C A1

T ′ A2

D A3

E

!!

!!

σ

((



RenamingT andF by [! F∪R]

Q-proof ofT1 & F1

T F

B T1 F1

C A1

T ′ A2

D A3

E

!!

!!

σ

$$

[σX ] %%

[σF!R ]

&&
[σF!R ]

''



Consistent renaming of proof ingredientB

T F

B

C B1 A1

T ′ A2

D A3

E

!!

[σF!R ]

&&



Intermediate matching scenario

T no more considered,ϕ preprover

T F

B

C B1 A1

T ′ A2

D A3

E

!!

[σF!R ]

&&

x

!!

ϕ

--

x

..

x

//



" gives prover [" X ] for B2

Axioms invariant by [ϕX ].
Q-proof ofA1 & B2

B

C B1 A1

T ′ B2 A2

D A3

E

!!

[σF!R ]

&&
[ϕF!R ]

&& [ϕX ]00! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

ϕ

--



Similarly forC

B

C A1

T ′ C1 A2

D A3

E

!!

[σF!R ]

&&



Intermediate matching scenario

Preproverψ

B

C A1

T ′ C1 A2

D A3

E

!!

x

11

x

22

x
33

ψ

44

[σF!R ]

&&



# gives prover [#X ]

B

C A1

T ′ C1 A2

D C2 A3

E

!!
ψ

05

[ψF!R ] &&

[ψX ]
56

[σF!R ]

&&



Finding common multiple

Let [γF∪R] = [ ϕF∪R] [δF∪R] = [ ψF∪R] [δ′F∪R] extension.
Prover [σX ] becomes proof ofT3 & F3.

T F

B T1 F1

C T3 F3 A1

T ′ A2

D A3

E

!!

!!

[σF!R ]

&& [σX ] %% [σF!R ]67
[γF!R ]

&& [γF!R ]''[σX ][γF!R ] %%



Proof translation ofA1 & B2

Prover [ϕX ] becomes proof ofA1 & B3.

T F

B

C B1 A1

T ′ B2 A2

D B3 A3

E

!!

!!

[σF!R ]

&&
[ϕF!R ]

&& [ϕX ]00" " " " " " " " " " " " " " " " " " " " " " " " " "

" " " " " " " " " " " " " " " " " " " " " " " " " "

[ϕX ][δF!R ]

78###################

###################

[δF!R ]

&&



Proof translation ofA3 & C2

Prover [ψX ] becomes proof ofA3 & C3.

T F

B

C A1

T ′ C1 A2

D C2 A3

E C3

!!

!!

[ψF!R ] &&

[δ"
F!R ] && [ψX ][δ"

F!R ]8-$$$$$$$$$$$$$$$$$

$$$$$$$$$$$$$$$$$
[ψX ]

56

[σF!R ] &&



Q-proofs obtained

After renamming by [σF∪R] [γF∪R]:

T F

B

C F3 A1

T ′ T3 A2

D B3 A3

E C3

!!

!!
##

[ϕX ][δF!R ]

92%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%

##

""

22

[ψX ][δ"
F!R ]8-&&&&&&&&&&&&&&&&&&&&

&&&&&&&&&&&&&&&&&&&&

[σX ][γF!R ]

:9''''''
''''''



Proof synthesis

[σF∪R] [γF∪R] translate the proof ofT .

T F

B

C F3 A1

T ′ T3 A2

D B3 A3

E C3

!!

!! !!

""

22

[σX ][γF!R ]

:9''''''
''''''

##
[ϕX ][δF!R ]

92%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%

## [ψX ][δ"
F!R ]8-&&&&&&&&&&&&&&&&&&&&

&&&&&&&&&&&&&&&&&&&&

RenamingF3 of F is provable under hypothesisA1, A2, A3.
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Conclusion:
! MGU→ OMGU
! OMGU + dependencies properties⇔ Q-proof.
! MGU→ EMGU→ EOMGU. Preserving decidability property.
! Q-proof by renaming.
! Proof reuse| speciÞcation search

Further work:
! Relate with other higher order uniÞcation methods.
! More uniÞcation.
! FoCalize 2 UFOL; UFOL 2FoCalize.
! Implementation.
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