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Introduction



Specibcation search

Having a libraryL of brst order formulas and proofs:

Vxx+0= x VxVyx+y=y+x
Vx3y u(x) = v(y)

We search a commutative function in the library. Using mutable
symbol®, we build:

UYxXVyx®@y = yQx

This formula OmatchO with second formulalof



Proof reuse

Having libraryL:

A:Vxx+0= x B:VxVyx+y=y+ x
C:Vxxol=x D:VxVyxoy=yox
T:Vx0+ x= x

and proof of sequeni, B + T.
We want to proveT’ : Vx 1o x = x under conditions of..

'+ 0: mutable symbolse, 1, = : constant symbols.

' T OmatchO withT’ : + ~» 0,0~ 1

I A OmatchO withC : + ~ o, 0~ 1. No contradiction.
! B OmatchO wittD: + ~ o. No contradiction.

' Proof of T obtained by replacing + and 0 by and 1 in proof
of T.



Terms and Prst order substitutions



Conventions

' X : inPnite set of variables symbols

' For any Pnite seft C X, one can buildx € X'\ E
! F . set of functions symbols

! R : set of predicates symbols

' arity function

b (X, F)-terms

b (X, F,R)-formulas

L (X, F,R)-propositions : (', F, R)-formulas without
guantiber.

! Syntactic equality :Vx P(x) # Yy P(y)



Substitutions

' First order substitution: function from X’ to terms.
! Postbx denotation :o(x) = xo ando oy = o
' Domain ofo : Pnite set.

Dom (o) = {x € X |x0 Z x}

' Image ofo :
m(o)= | Va(xo)
xebom (o)
' Atomic substitution : [x ~~ t]

! First order substitutions is then extended to terms and
propositions with standard induction rules.



Unibers

' ldempotent function :co = o

' Uniber of (terms or propositions}; and t» : Prst order
substitution o such thattjo = tyo.

! Substitution o is more general thar i! there exists 6 such
that © = o0.

' Most General Unifier (MGU) : most generalnd idempotent.
I Decidable (HerbrandOs unibcation algorithm)



Prenex formulas

' Prenex formulas are denoted@a A. A : proposition, O :
list of quantibed variables.

' In Oa A, bound variablex is left ony il quantiber of x is
more external.

I U(QaA) : universal variables.
I E(QaA) : existential variables.

' Qa AF Qp B is aseparated sequent i! hypothesis and
conclusion are prenex closed formulas, and variables of
hypothesis do not meet those of the conclusion.



Quantitative proof



Debnition

A quantitative proof (Q-proof) of a separated sequent is a valid
sequence of quantiber elimination inference rules terminated by an
axiom.



OMGU (1)

! Separated Sequen®a A+ Qg B admits anOriented Unifier
i! propositions A and B have a uniber which is constant over
universal variables ofg B and existential variables afa A.

' An Oriented Most General Unifier (OMGU) : oriented uniber
more general than every other oriented uniker idempotent.

' OMGU of Qp A+ Qg B is MGU of A and B.

! Existence of OMGU is decidable.



OMGU (2)

Pointwise continuity- uniform continuity.

VeVxJaVyly — x| < a=|f(y) — f(x)] <e
}_
Ve' 3o/ VX' Vy' |y — X <o = [f(y) — f(X)| <€

OMGU :0 =[x ~ X][y ~ y'l[e ~ €'][a/ ~ a].
o indicates if there is a Q-proof or not.



Dependencies Theorem

Theorem

A separated sequent Op A+ Qg B admits a Q-proof if and only if
there exists an OMGU o such that for any

' e E(QaAA), ueU(QaA) left of e

' v eU(Qg B), ¢ € E(Qg B) left of
we have:

1. e does not appear in uo,

2. u' does not appear in €'o,

3. e does not appear in € o or u' does not appear in uc.



Corollaries

' A prover of Qp A F Qg B is an OMGU verifying 1, 2 and 3
(dependencies properties).

' If Qa A F Qg B has an oriented uniber verifying 1,2 and 3,
then every OMGU is a prover.

' If Qa A has only one kind of variables (either universal or
existential) andQg B too, then any OMGU is a prover.

D If QOaAAF Qg B, Qg B QcCand Qpa A+ Q¢ C are
separated, and iRy A - Qg Band Qg B + Q¢ C have a
Q-proof, then9Qa A F Q¢ C too (transitivity of Q-proof).



No Q-proof (1)

Pointwise continuity does not imply uniform continuity.

VeVxJaVy |y — x| < a = |f(y) — f(x)| < e
}_
Ve' 3/ VX'V |y = X <o = |f(y) - f(X)| < ¢

OMGU :0 =[x ~ X[y ~ y'][e ~ €][a/ ~ a].

x .V x' 1V
= o 3
o appears ind’oc = o x' appears inxe = x’
x left of o o left of x/

Condition 3 not veribed. No prover. No Q-proof.



No Q-proof (2)

Vx 3y P(x,y) B Y 3y P(f(x',y),y')

has OMGUg:
[x ~ (X' )] [V ~ v]

But y appears inxc = f(x’, y) and x left of y. Condition 1
not veribPed. No prover. No Q-proof.

dy P(y) F Vx P(x)
has no OMGU. No Q-proof.



Q-proofs

' Unibcation.
Vx P(x,x) = VyVz P(f(y,z),f(y, 2))

has a proverf ~ f(y, 2)].
' Uniform continuity implies pointwise continuity.

Veda VxVyly — x| <a=|f(y) — f(x)| <e
l_
Ve vx' 3/ Vy' |yl — X'| <o = |f(y) — (X)) <€

has a provew =[x ~ x'|[y ~ y'][e ~ €'][¢/ ~ a].



Extended substitution



Extending substitutions to functions and relations

Goal : Specibcation search (cf 4).

' Function symbols F = Fy U Fc. Mutable F .
' Relation symbolsR = Ry URc. Mutable Ry .

An extended substitution is a functiono on X U F UR such that :
1. oOs restriction tet : brst order substitution
2. o preserve arities
3. o is stable onF and R
4. ¢ is constant onF¢ and Rc
5. ¢ has pnite domain Dom(c) = {e€ YUFUR |eo Z e}.



Extending substitutions to functions and relations (2)

! First Order Restriction to X is denoted § y]
! Second Order Restriction to F U R is denoted §rur].
' o =[orur]lox] (non commutative).

! ¢ is then extended to terms and propositions with standard
induction rules.



Extending unibers (1)

o is anextended unifier of Aand Bi! Ao = Bo.

Extended Most General Unifier (EMGU) : most general
extended uniberand idempotent.

Existence of EMGU is decidable.



Extending unibers (2)

Oriented unibers :

! Extended Oriented Unifier of sequentQa A+ Qg B :
extended uniber of propositiond and B which is oriented.

! Extended Oriented Most General Unifier of Qa A+ Og B
(EOMGU) : most general and idempotent.

I Existence of EOMGU : decidable.
I EOMGU of Qs A+ Qg B is EMGU ofA and B.



Proof by renaming



Proof transformations by substitution

Theorem
If sequent S has a proof and o is an extended substitution then
Slorur] of S also has a proof.

S[orur] is a (functional and relationalyenaming of S.



Proof transformations by substitution (2)

[ocrur] transform proof of B, C + T into proof of
Blorur], CloFur] F Tlorur]

T
Vrrrr'ﬂ_[UF!R |
¢ 7"',,_[UF!VR7"”],V )
77 T|2
[oFR ] B,
o
G




Preprover (1)

Theorem

Let Opn A+ Qg B be a separated sequent. If there exists an
EOMGU o verifying conditions 1, 2, 3 of the dependencies
properties, then Qa Alorur] B Qs Blorur] has prover [ox]

! Op A F O B may have no proof.

' An EOMGU which veribes conditions of dependencies
properties is gpreprover of S.

' If there exists a preprover, any EOMGU is a preprover.
! Existence of preprovers is decidable.



Preprover (2)

' T F F has no proof but a preprover.
' Tlorur]l B Florur] has Q-proof.




Exhaustivity of transformations

Theorem
For a separated sequent S:

' There exists an extended substitution o such that S [orur]
has a Q-proof.

is equivalent to:

' Sequent S has a preprover.



Scenario



Practical proof reuse (theorems)

Given :

' A set of axioms. Relational and functional symbol are in
Rc U Fe (not mutable).

! A set of theorems with their dependencies. Mutable and not
mutable symbols.

Goal :
! prove a property or a renaming of it assuming axioms.



Initial scenario

2 theoremT, T', 3 axiomsAs, Ay, A3, 1 property F.

T F
B

C A1
T Az
D Az



Extended oriented matching and T’ with F

Preproverss and ¢’. No match with axioms.

o



Ap

Az



Renamingl andF by [ zz]
Q-proof of T4 - F;

[oFr ] [orr 1. F
L &T1 [ox ] %, o
C Ay
i A2
D A3



Consistent renaming of proof ingredidht

T F
. forr ]
e
C By Ay
T Az
D Az



Intermediate matching scenario

T no more consideredy preprover

T F
Bl lorr ] /’F\
e
C B[L[\ A1
X
M\‘\MM
n \_,x/ \ K
D X\MJ./ A3

E
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Similarly forC

B

¢l < orr 1
&

T G

D

Az

Az



Intermediate matching scenario

Preprovery

B

X —
C ,.[UF!R ] / Al
&
o ed— A
D\x/ Kf/ A3
¥
E



# gives proverf y]




Finding common multiple

Let [vrur] = [ orurl [07ur] = [YFur] [0 ] extension.
Prover px] becomes proof off3 - F3.

T F
. [orr ] o
- - & ] [ox ] ,O/Fl B lorr |
~Fr ]
c Gy dodbee Lo e 1
nl A2
D A3



Proof translation ofA; - B,

Prover [px] becomes proof ofA; - Bs.

I F
B ~lorr ]
c &
17_[7<PF!R ]
&
T 2




Proof translation ofA; - G,

Prover [px] becomes proof ofA; - Cs.




Q-proofs obtained

After renamming by §rur][vFur]:

T F




Proof synthesis
[erur] [vFur] translate the proof of T.

T F

RenamingFs of F is provable under hypothesi4;, Az, As.



Conclusion and further work



Conclusion:
' MGU — OMGU
! OMGU + dependencies properties: Q-proof.
' MGU — EMGU — EOMGU. Preserving decidability property.
! Q-proof by renaming.
' Proof reuse| specibcation search
Further work:
! Relate with other higher order unibcation methods.
' More unibcation.
' FoCALIZE 2 UFOL; UFOL 2FO0CALIZE.
' Implementation.
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